The Allen-Heine-Cardona theory allows us to calculate phonon-induced electron self-energies from first principles without resorting to the adiabatic approximation. However, this theory has not been able to account for the change of the electron wavefunction, which is crucial if inter-band energy differences are comparable to the phonon-induced electron self-energy as in temperature-driven topological transitions. Furthermore, for materials without inversion symmetry, even the existence of such topological transitions cannot be investigated using the Allen-Heine-Cardona theory. Here, we generalize this theory to the renormalization of both the electron energies and wavefunctions. Our theory can describe both the diagonal and off-diagonal components of the Debye-Waller selfenergy in a simple, unified framework. For demonstration, we calculate the electron-phonon coupling contribution to the temperature-dependent band structure and hidden spin polarization of BiTlSe2 across a topological transition. These quantities can be directly measured. Our theory opens a new door for studying temperature-induced topological phase transitions in materials both with and without inversion symmetry.
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Interactions between electrons and phonons induce a temperature-dependent renormalization of electronic structures 1 . The Allen-Heine-Cardona (AHC) theory [2] [3] [4] is one of the current state-of-the-art methods to study the effect of electron-phonon coupling (EPC) on electronic structures from first-principles density functional theory (DFT) and density functional perturbation theory (DFPT). Zero-point renormalization and temperature dependence of the electronic band gap [5] [6] [7] [8] [9] [10] [11] [12] [13] , optical responses [14] [15] [16] , and topological properties 17 are being actively investigated with the AHC theory.
In the AHC theory [2] [3] [4] , the matrix elements of the second-order derivatives of the electron potential is required to compute the Debye-Waller (DW) contribution to the electron self-energy. This matrix element is approximated using the rigid-ion approximation (RIA), which assumes that the potential is a sum of atomcentered contributions. Then, by invoking the translational invariance of the electron eigenvalues, one can calculate the second-order EPC matrix elements from the first-order EPC matrix elements. However, this method is applicable only to the band-diagonal part of the DW self-energy. An approximation scheme for the full DW self-energy matrix including off-diagonal components has been absent.
The missing off-diagonal components of the self-energy are essential to describe the hybridization of energy eigenstates 1, [18] [19] [20] [21] [22] . Thus, the current scope of the firstprinciples AHC theory is limited in that the EPC-induced change of the electron eigenstate wavefunctions is neglected. This theoretical limitation even precluded a complete study of electronic structures across an EPCinduced topological transition. For example, in Ref. 17 , the renormalized electron energy was calculated only at Γ where the wavefunction hybridization is forbidden due to the inversion symmetry. Thus, the evolution of the electronic structure around the topological band-gap in-version could not be investigated. Furthermore, in materials without inversion symmetry, e. g. , BiTeI [23] [24] [25] [26] , such phonon-induced band-gap inversion occurs not at Γ but at generic k points. Hence, the AHC theory cannot even tell the band inversion, let alone the renormalized wavefunctions. To the best of our knowledge, the role of thermal phonons in renormalizing the electronic structure in the presence of such wavefunction hybridization has never been studied from first principles.
Alternatives of the AHC theory include the frozen phonon method with Monte Carlo integration [26] [27] [28] , the one-shot supercell method [29] [30] [31] , and molecular dynamics methods [32] [33] [34] [35] . However, (i) these methods require calculations of large supercells which are computationally much heavier than DFPT calculations. Accordingly, the effect of the phonon modes with wave vectors close to the center of the Brillouin zone may not be fully captured. More importantly, (ii) these methods are intrinsically adiabatic. Hence, they quantitatively or even qualitatively fail to predict the band gap renormalization of polar semiconductors 10, 36 and cannot describe many-body effects such as the phonon satellites 11, 37 .
Therefore, it is of great importance to generalize the AHC theory for the study of EPC in a wider variety of materials where the wavefunction hybridization is not negligible. In this paper, we achieve this goal by deriving a simple yet sophisticated expression for the full DW selfenergy matrix. This result fills the gap of the AHC theory, rendering it a complete theory of EPC-renormalized electron energies and wavefunctions. Our formulation also significantly simplifies the computation of the DW self-energy as neither summations over empty states [2] [3] [4] [5] nor solutions of the Sternheimer equations 6 are required. The crucial component in this development is the operator generalization of the acoustic sum rule for EPC. As one of the plentiful applications of our theory, we study the temperature-dependent electronic structures of BiTlSe 2 around a topological insulator to normal insulator transition.
In the dynamical AHC theory, the phonon-induced electron self-energy Σ(ω), which is a function of the frequency ω, is written as a sum of the Fan and the DW self-energies 1,38 :
Here, m, n, and n are the electron band indices, k and q the electron and phonon crystal momenta, respectively, U κα,ν (q) the eigendisplacement of atom κ along Cartesian direction α associated to the phonon mode ν in units of inverse square root of mass, ε mk+q the electron energy, ω qν the phonon mode energy, f mk+q and n qν the Fermi-Dirac and Bose-Einstein distribution functions, and η a positive infinitesimal that enforces the causality of the EPC. We set = 1 throughout this paper.
To compute the Fan and the DW self-energies, one needs to calculate the following two types of matrix elements:
and
Here, |u nk is the periodic part of the electron wavefunction,v KS the Kohn-Sham (KS) potential, and ∂ qκα the derivative with respect to the monochromatic displacement of atom κ along direction α with wave vector q.
The first-order EPC matrix element h [Eq. (4)] can be evaluated from DFPT. However, to compute the secondorder EPC matrix element D [Eq. (5)], we need the second derivatives of the KS potential, which cannot be calculated from the usual first-order DFPT. Hence, the AHC theory exploits the RIA, assuming that the KS potential is a sum of atom-centered contributions. Then, mixed derivatives of the KS potential with respect to the displacements of different atoms vanish, allowing one to approximate D as
with δ κ,κ the Kronecker delta function. The symbol RIA ≈ denotes an approximation that is exact under the RIA.
To compute D defined in Eq. (6), the AHC theory utilizes the translational invariance of electron energies 2, 8 . Let us consider the following operation: a displacement of atom κ in every unit cell along direction α by a distance ξ and a subsequent uniform displacement of every atom along direction α by a distance τ . We write the KS potential and the energy eigenvalue of the resulting system asv κα;α KS (ξ, τ ) and ε κα;α nk (ξ, τ ), respectively. Now, the translational invariance of the coupled system of electrons and atoms implies that a uniform displacement does not alter the electron eigenenergies:
By expanding both sides of Eq. (7) with respect to ξ and τ using perturbation theory, one can relate the diagonal part of D to the first-order EPC matrix elements 38 :
This equation is used in the conventional AHC theory to compute the diagonal DW self-energy. Now, let us consider the full self-energy matrix, including the off-diagonal components. The term 'off-diagonal' self-energy is not to be confused with 'nondiagonal DW' self-energy 6, 8 , which means the correction to the DW selfenergy beyond the RIA.
The Fan self-energy matrix can be computed without any difficulty from Eq. (2). To compute the DW selfenergy matrix, one needs to evaluate the off-diagonal matrix elements of D nn [Eq. (6) ]. However, such a quantity cannot be computed within the conventional AHC theory even assuming the RIA, as apparent from Eq. (8) being limited to the diagonal case. This limitation originates from the fact that the only nontrivial information we used to derive Eq. (8) is the translational invariance of the electron energies [Eq. (7)].
Here, we seek for a statement stronger than Eq. (7) . Indeed, the translational invariance of the system gives much more information than the mere invariance of the electron eigenenergies. When all atoms of the system are uniformly displaced, the electronic Hamiltonian is also uniformly displaced. Thus, we find r + τ e α |v κα;α KS (ξ, τ )|r + τ e α = r|v κα;α KS (ξ, 0)|r (9) with |r the position basis state of the electron and e α the unit vector along α .
Using the momentum operatorp α = −i∂/∂r α , one can rewrite Eq. (9) in the operator form:
From the coefficients of τ in the series expansion of Eq. (10), one finds
From the coefficients of ξτ , one finds
Here, the derivatives are evaluated at ξ = τ = 0, so we omit the superscript κα; α . Equations (11) and (12) are the operator generalization of the acoustic sum rules for EPC. From Eqs. (6) and (12), one finds
This equation is the main result of this paper. We have thus generalized the original formula of the AHC theory for the diagonal DW self-energy to the full matrix form. One can indeed derive the original formula, Eq. (8), from our results 38 . We have numerically tested our formula, Eq. (13), against finite-difference calculations and found an excellent agreement 38 . Using Eq. (13) as well as Eqs. (3) and (6), one can calculate both the diagonal and off-diagonal components of the DW self-energy matrix on an equal footing. This result enables the study of the phonon-renormalized electronic structures in presence of considerable wavefunction hybridization, fully within the non-adiabatic perturbative AHC theory.
Another virtue of our theory is that it does not require a summation over unoccupied bands, in contrast to the original expression Eq. (8) 2-5 , or solutions of the Sternheimer equations 6 . The computation of the DW self-energy is thus considerably simplified.
We apply our theory to the temperature-dependent electronic structure of BiTlSe 2 . BiTlSe 2 exhibits an EPC-induced topological transition 17 . DFT calculations of BiTlSe 2 find a topological insulator state with an inverted gap at Γ 39 , as have been experimentally observed [40] [41] [42] . When the EPC is included, BiTlSe 2 is driven to a normal insulator at temperatures higher than the critical temperature 17 . Using our generalization of the AHC theory, we study the evolution of the band structures and wavefunctions around this topological transition 38,43 . In calculating the temperature dependence, we neglected the effect of thermal expansion as done in Ref. 17 . Figure 1 shows the decomposition of the total selfenergy into the Fan and DW contributions. We find that the two contributions have similar magnitudes and opposite signs. Even for the off-diagonal components which are in general complex, the Fan and DW self-energies have approximately opposite phase angles. The magnitude of the total self-energy is thus much smaller than the magnitudes of the Fan and DW contributions. This trend
Re <CB| |CB>, T=500 K Re <VB| |VB>, T=500 K |<VB| |CB>|, T=500 K is in accordance with previous analytical 2 and numerical 12 studies which also reported a cancellation between the Fan and DW self-energies in direct narrow-gap semiconductors. This almost cancellation between the Fan and DW self-energies for both diagonal and off-diagonal matrix elements clearly shows the importance of our new method. Figure 2 shows the temperature dependence of the band structure and the orbital character of BiTlSe 2 . Figure 2 (c) shows that at temperatures above T c , the orbital characters of the valence and the conduction bands change smoothly, indicating a trivial insulator state. The topological transition can also be identified from the parity of the valence band wavefunction at the Γ point 44 .
The changes in the band structure and the orbital characters can be correctly calculated only when the full selfenergy matrix is taken into account. The electron energies computed using only the diagonal part of the self- As another example of the physical quantity affected by the phonon-induced wavefunction hybridization, we calculate the hidden spin polarization. The structure of BiTlSe 2 has inversion symmetry, so the electron eigenstates do not have any spin polarization. Still, local spin polarization can exist at atoms that are not located at an inversion center. Such local spin polarization is termed "hidden spin polarization" 45 and has been experimentally measured [46] [47] [48] [49] [50] [51] . Figure 3 shows the normalized hidden spin polarization of one of the two selenium atoms in the unit cell (Se1) 38 . The normalized hidden spin polarization is defined as S Se1 norm. = ψ nk |ŜP Se1 |ψ nk / ψ nk |P Se1 |ψ nk (14) whereŜ is the spin angular momentum operator andP Se1 is the projection operator to the valence p orbitals of Se1 atom.
From the DFT calculation [ Fig. 3(a) ] and also after the inclusion of zero-point renormalization [ Fig. 3(b) ], we find that the hidden spin texture of the conduction band is flipped as the k point moves away from Γ. This finding indicates an inverted gap at Γ at low temperatures. As the temperature increases, the hidden spin polarization near Γ is reversed. At T = 500 K, smoothly varying hidden spin textures are found for both the conduction and the valence bands [Figs. 3(d) and 3(h)]. We emphasize that the inclusion of the off-diagonal components of the self-energy matrix is essential to study any kind of wavefunction-dependent quantities, of which hidden spin polarization is only a single example.
The range of systems with significant phonon-induced wavefunction hybridization is far more diverse than that studied in this work. For example, the appearance and disappearance of topologically-protected surface states after a temperature-induced topological transition of the bulk is a result of significant wavefunction hybridization. Also, the consideration of the full self-energy matrix is necessary to study the EPC-induced topological transitions of non-centrosymmetric systems such as BiTeI [23] [24] [25] [26] , as the gap closes at generic k points where the symmetry allows interband hybridization. Our theory also provides the temperature-depenent electronic wavefunctions which are needed for the calculation of the topological Z 2 invariant of non-centrosymmetric systems [52] [53] [54] [55] .
In conclusion, we derive a simple expression for the full DW self-energy matrix using the operator generalization of the acoustic sum rule for EPC. This result generalizes the AHC theory to deal with the off-diagonal components of the electron self-energy and the EPC-induced wave-function hybridization. We demonstrate our formalism by calculating the EPC contribution to the temperature dependence of the band structures, orbital characters, and hidden spin polarization of BiTlSe 2 . We find that the consideration of the full self-energy matrix is essential for a complete understanding of the gap inversion at the topological transition. Our work paves the way for the study of temperature-dependent electronic structures of a far wider variety of systems, fully within the dynamical AHC theory.
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S2. A DETAILED DERIVATION OF EQ. (8)
Let us consider the displaced system discussed in the main text, above Eq. (7) . From second-order perturbation theory assuming nondegenerate states, the eigenvalues of the displaced system read
with ε (0) nk = ε κα;α nk (ξ = 0, τ = 0). Now, the translational invariance of the eigenenergies [Eq. (7) ] implies that all coefficients of the terms including τ in Eq. (S1) should vanish. By applying this condition to the coefficients of τ , one finds
Similarly, from the coefficients of ξτ , one finds Equations (S2) and (S3) are the first-and second-order acoustic sum rules for the diagonal EPC [S1]. By substituting the left-hand side of Eq. (S3) to the second line of Eq. (6), one finds Eq. (8), an expression for the diagonal part of D that does not refer to the second-order derivative of the KS potential.
S3. AN ALTERNATIVE DERIVATION OF EQ. (8) USING OUR RESULTS
In this section, we provide an alternative derivation of Eq. (8) using the main results of our theory [Eqs. (11) , (12) and (13)].
First, by expanding the right hand side of Eq. (13) in the electron energy eigenbasis, one finds
To evaluate u nk |p α |u mk , we use Eq. (11), the first-order acoustic sum rule in the operator form. Taking the matrix element of Eq. (11), one finds
Here, we used the fact that the electron HamiltonianĤ is the sum of the KS potentialv KS and the kinetic energŷ T =p 2 /2m and that the kinetic energy operator commutes withp α . Rearranging Eq. (S5), one finds that if ε mk = ε nk , the matrix element of the momentum operator becomes
Note that one cannot use Eq. (S6) if m = n. Also, we assume that the electron states are nondegenerate. The formalism can be extended to degenerate cases by first choosing a different wavefunction gauge for each α so that the off-diagonal matrix elements ofp α between degenerate states vanish and then applying unitary rotations to the matrix elements D καα nn (k) so that the wavefunction gauge for different α becomes identical. By substituting Eq. (S6) into Eq. (S4), one finds
For the diagonal case of n = n , the first term in the parenthesis of Eq. (S7) cancels out. Thus, the diagonal case of Eq. (S7) is equivalent to Eq. (8), the expression of the original AHC theory for the diagonal DW matrix element. In contrast, the first term of Eq. (S7) does not cancel out for the off-diagonal case, n = n . Thus, the expression of the original AHC theory [Eq. (8) ] cannot be generalized to the off-diagonal case without using our operator-generalized formulation.
S4. NUMERICAL TESTS OF EQ. (13)
To numerically test the theory developed in this work, we compute the second-order matrix elements D using Eq. (13) as well as the finite-difference method. The finite-difference calculations were converged with a Richardson interpolation of order 4. The results of the comparison for BiTlSe 2 and diamond are shown in Fig. S2 and Fig. S3 , respectively. Both results show an excellent agreement between Eq. (13) and the finite-difference calculations, with errors several orders of magnitude smaller than the typical value of D. This result provides a numerical confirmation of our theory. 
S5. COMPUTATIONAL DETAILS
We used the Quantum ESPRESSO package [S2] to perform DFT and DFPT calculations. We modified the Quantum ESPRESSO package to perform the Fourier interpolation of phonon potential [S3, S4] and to circumvent the summation over a large number of unoccupied states in the Fan self-energy by solving the Sternheimer equation [S5] . The custom code developed in this work may be made available in a later release of the Quantum ESPRESSO package after discussions with the Quantum ESPRESSO core developers.
The DFT and DFPT calculations were performed with an 8×8×8 k-point grid, a kinetic energy cutoff of 80 Ry, fully relativistic ONCV pseudopotentials [S6] taken from the PseudoDojo library (v0.4) [S7] , and the PBE functional [S8] . The optimized lattice parameters were taken from Ref. [S9] . In calculating the temperature dependence, we neglected the effect of thermal expansion as done in Ref. [S9] .
To avoid a sum over a large number of high-energy empty bands in the Fan self-energy, we approximated the contribution of the high-energy bands using the solution of the Sternheimer equation [S5] . We call the contribution of the high-energy bands to the Fan self-energy the "upper Fan" self-energy and the contribution from the low-energy bands the "lower Fan" self-energy. For the lower Fan self-energy, we included an artificial broadening η to smooth the energy denominators. The phonon frequency in the denominator of Eq. (2) was ignored in the calculation of the upper Fan self-energy. We included 30 unoccupied bands in the calculation of the lower Fan self-energy to include all states lying less than 10 eV above the valence band maximum energy. The resulting error due to the static approximation of the upper Fan self-energy is at most a few meV. We note that our expression for the DW self-energy [Eq. (13)] does not require a sum over bands nor solutions of the Sternheimer equations, contrary to the ordinary expressions [S5, S10].
The potential perturbation is computed on a coarse 6 × 6 × 6 q-point grid from DFPT and then Fourier interpolated [S3] to the fine q-point grid. The nonanalytic long-range part of the potential perturbation is taken into account by subtracting and adding the dipole potential [S11] before and after the Fourier interpolation, respectively, following the method of Ref. [S4] . The force constants are Fourier interpolated to the fine q-point grid using the dynamical matrices computed at the 6 × 6 × 6 grid. We take the non-analytic long-range part of the force constants correctly into account [S12] . We used a 8 × 8 × 8 q-point grid for the calculation of the upper Fan and DW self-energies, and a 36 × 36 × 36 q-point grid for the calculation of the lower Fan self-energy. We also included the broadening of η = 20 meV in the calculation of the lower Fan self-energy. The sizes of the fine q-point grids and the broadening parameter η were determined after a thorough convergence study (see Sec. S6).
We calculated the self-energy matrix in the basis of 10 valence and 4 conduction bands to include all states within 2 eV from the valence band maximum energy We have also checked that the inclusion of only two valence and two conduction bands is already sufficient to give converged renormalized electron energies.
The self-energy matrix we compute is not diagonal and not Hermitian. Thus, the corresponding eigenvectors are not orthonormal. Also, since the self-energy is dynamical, the choice of the frequency for the off-diagonal components is ambiguous. Following the recipe established by the GW community [S13], we use a static Hermitian approximation of the self-energy:
Here, Re Σ is defined as follows:
In the GW literature, Σ Herm. defined in Eq. (S8) is known to be a nearly optimal approximant of the full dynamical self-energy [S13] . We then diagonalize the renormalized Hamiltonian 
to obtain the renormalized electron energies. This method is a generalization of the on-the-mass-shell approximation [S14] to the case of an off-diagonal self-energy.
An alternate method to deal with a dynamical self-energy is the Dyson-Migdal approach that self-consistently solves the eigenvalue equation
with 1 the identity matrix. However, it has been found that the on-the-mass-shell approximation gives a much better estimate of renormalized quasiparticle energies than the Dyson-Migdal approach [S14, S15]. Thus, we use the on-themass-shell approximation in this work. In passing we note that our method of calculating the off-diagonal matrix elements of the self-energy is universal and can be applied to other many-body theories than the static Hermitian approximation [Eq. (S8)] and the on-the-mass-shell approximation [Eq. (S10)] we adopted here. Although important, the comparison between the results obtained from different levels of many-body theories is not the main subject of our paper. Our paper provides a method that enables such future investigations. 
S6. CONVERGENCE STUDY OF THE ELECTRON SELF-ENERGY
In this section, we describe the convergence study for the sampling of phonon wave vectors. To study the convergence of the electron self-energy, we computed the potential perturbation on a coarse N q,c × N q,c × N q,c q-point grid from DFPT and then Fourier interpolated it to a fine N q,f × N q,f × N q,f q-point grid for different values of N q,c and N q,f . Figures S4 and S5 show the convergence of the DW and upper Fan self-energies and their sum. We find that the convergence of both the DW and upper Fan self-energies themselves [ Fig. S4 ] is much slower than that of the sum of these two terms [ Fig. S5 ]. Note that the vertical scales of Fig. S5 is more than an order of magnitude smaller than those of Fig. S4 . This observation can be partly attributed to the cancellation between the DW self-energy and the Fan self-energy in the long-wavelength limit [S5, S16, S17]. Thus, it suffices to converge the sum of the DW and upper Fan self-energies, not their individual contributions.
The sum of the DW and upper Fan self-energies is converged at N q,f = 8 with an error less than 1 meV. We also find that the self-energy computed using the phonon potential interpolated from N q,c = 6 to N q,f = 8 gives reasonable agreement with the self-energy computed with N q,c = N q,f = 8 without any interpolation. We checked that every matrix element between the highest valence band and the lowest conduction band of the sum of the DW and upper Fan self-energies is converged for all temperatures below 500 K and for all k points plotted in Fig. 2 with an error less than 2 meV. From these analyses, we choose to use N q,c = 6 and N q,f = 8 for the evaluation of the sum of the DW and upper Fan self-energies. Figures S6 and S7 show the convergence of the lower Fan self-energy with respect to the size of the fine grid and the artificial broadening η. We used N q,c = 6 for all cases. Comparing the scales of the left columns [(a,c,e)] with the scales of the right columns [(b,d,f)] of Fig. S6 and S7, we find that the absolute error coming from an insufficient convergence is much larger at T = 500 K than at T = 0 K. Also, by comparing Fig. S6(b) and Fig. S7(b) , we find that the self-energy of the lowest conduction band at k = 0.4Z is much more oscillatory and slowly convergent with respect to N q,f than the self-energy at k = Γ. We believe that the slow convergence can be attributed to the existence of near-resonant transitions from the lowest conduction band at k = 0.4Z to other conduction band states, which is possible as the state at k = 0.4Z is not a band extremum. At N q,f = 36, which is the largest q-point grid size we have used, we find that an artificial broadening of at least 20 meV is required to obtain a smooth band structure. Therefore, we choose to use N q,f = 36 and η =20 meV for the lower Fan self-energy as a compromise of accuracy and computational cost. Figure S8 shows the temperature dependence of the valence band maximum (VBM) and the conduction band minimum (CBM) energies. BiTlSe 2 is a direct-gap insulator with both the VBM and the CBM at the Γ point, where the off-diagonal self-energy is zero due to the inversion symmetry of the crystal structure. Therefore, the temperature dependence of the VBM and CBM states and the temperature dependence of the band gap can be computed without
